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Introduction
Decomposition techniques for linear regression models have been widely used in social research for many decades. One common such technique is the Oaxaca-Blinder decomposition (Blinder 1973; Oaxaca 1973) . The technique uses the output from regression models, attributing the difference in outcomes between two groups (in a mean or proportion) to either differences in endowments or to differences in the effect of coefficients (Powers et al. 2011 ).
Often we are interested in assessing relative changes between two groups over time. In such situations, we need a control group for both of the treatment groups to remove biases resulting from time trends and unobserved time-constant factors. This difference-in-differences like method has been used to analyze, for example in Smith and Welch (1989, SW) and Heckman et al. (2000, HLT) , the convergence of black and white wages between 1940 and 1990. 1 SW and HLT attribute the change in the black-white wage gap in two Census years to the changes due to changing characteristics and to those due to changing returns to characteristics. However, a method for specifying the contribution of every variable in the equation, referred to as the detailed decomposition, has not been developed for the four-way decomposition. In this paper, we present such a detailed decomposition and provide a Stata estimator for practitioners to implement our method. 2 We begin by setting up the theoretical framework and show how it can be applied to the existing studies. Using the convergence of the black-white wage gap during the decade of [1960] [1961] [1962] [1963] [1964] [1965] [1966] [1967] [1968] [1969] [1970] as an example, we find that the wages of black men grew 12.3 log points faster than the wages of white men-of which 5.15 log points (42 percent of the growth) can be attributed to changing characteristics. Our detailed decomposition further shows that out of the 5.15 log points of changing characteristics, 3.77 log points (73 percent) is due to convergence in schooling levels, 1.19 log points (23 percent) is due to changing places of residence (primarily migration of black men out of the South), and very little is due to differential growth in work experience.
The rest of the paper is organized as follows. We set up the theoretical framework and provide its application in Section 2. In Section 3, we present an empirical example. Finally, Section 4 concludes the paper. 
Theoretical Framework
Eq.
(1) can be further decomposed as 
where the first term (i) in Eq. (3) captures the predicted change in ( ) ( ) 
due to an increase/decrease in the returns to reference groups' characteristics, valued at the difference between group A and its reference group's mean characteristic levels. The last term (iv) captures the change in ( ) ( )
because the relative returns to characteristics (e.g., wage structure) of two groups are changing, valued at the mean characteristics of reference group A.
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The above decomposition studied at the aggregate level in a linear regression framework is set forth in SW. It is of interest to find the contribution of each variable to the four effects in the mean relative outcome difference. The next step is to develop the detailed decomposition.
Detailed Decomposition
In developing the detailed decomposition, the key question is how to properly weight the contribution of each variable to the four effects in Eq. (2). To obtain a proper weight, we employ the method of Yun (2004) by evaluating the value of the functions in Eq. (2) using mean characteristics and then using a first order Taylor expansion to linearize the four effects around
, and A A X  for (iv), respectively. Eq. (2) can be re-
where
R to (iv) R are the approximation remainder resulting from evaluating the functions ( ) F  for the four effects in Eq. (2) at the mean values and by using the first order Taylor expansion. After linearization, the jth weight component for effect (i), (ii), (iii) and (iv) are 
The mean relative outcome difference can now be expressed in terms of the overall components as a sum of weighted sums of the unique contributions
Identification Problem: Normalization of Dummy Variables
It is well-known that detailed decomposition suffers from an identification problem (Oaxaca 
The next step is to construct a normalized equation. Once the normalized equation is constructed, the identification problem of the decomposition analysis is automatically resolved. 
which is mathematically equivalent to the untransformed Eq. (6). As shown in Yun (2008) 
Following the method in Jann (2005) , the variance estimator for the four effects in Eq. (10) can be separately shown as
and
Combining (11), (12), (13) and (14), we get 
where the test statistic is asymptotically normally distributed.
Let l E represent the four effects in Eq. (9) 
For significance tests of the four effects at the individual factor level, let
location (mainly a worsening treatment of urban residents) and by about 11 log points from a worsening treatment of work experience (reflecting the fact that older black cohorts were losing out relative to their younger counterparts during this period). The Year Interaction shows the degree to which this improving treatment of black workers was attenuated because black workers had less valuable characteristics in 1970 and were therefore less able to benefit from the growing rewards to their human capital (taking the improvement in the treatment of white men as the numeraire). Again, the effect is small (about -0.46 log points), in which a negative effect of education is balanced out by a positive effect of geographic location (that is, black men were hurt less than white men by the declining status of urban location).
Conclusion
Decomposing the relative wage gains of two groups into a main effect, group interaction, year interaction, and group-year interaction is a well-known and popular means of studying the reasons for these gains. Breaking down this decomposition to separately study the effect of each variable requires careful attention to the treatment of categorical variables, and benefits from a closed analytic formula for the standard errors. Both of these problems have been recently solved for the two-way decomposition, and in this paper we show how to adapt this solution to a four-way decomposition. We illustrated the benefits of this decomposition using the convergence of black-white wage between 1960 and 1970 as an example. We were able to separately quantify the contributions of education, experience, and geography to the overall convergence of black and white wages in the 1960s, where we illustrated both the negative impact of the treatment of aging cohorts, and the overall large size of the residual (unexplained) component of wages in shaping the convergence of black and white wages over the 1960s. Note: the unit is basis point in the log wage gap and detailed decomposition.
